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Introduction
Great attention has recently been devoted to model longitudinal count data in a regression framework. Salient features of longitudinal count data may include, in addition to non-negativity of outcomes, a large fraction of zeros, the presence of association between * Dipartimento di Istituzioni Pubbliche, Economia e Società, Università di Roma Tre, Roma, Italy, email:
antonello.maruotti@uniroma3.it † Dipartimento di Scienze Statistiche, Sapienza Università di Roma, Roma, Italy repeated measures recorded on the same unit and unobserved heterogeneity. Even if the Poisson regression model represents a useful tool for dealing with count data processes, different approaches need to be investigated to account for all data features. Variance components models (see e.g. Aitkin, 1996) can be used to account for unobserved heterogeneity;
while dynamics models can be used to capture the dependence across repeated measures (see e In the following we focus on two-part models, also known as hurdle models (Mullahy, 1986) , to introduce flexibility by allowing the zeros and the positive outcomes to be generated by two different processes: a binary model generating the zeros and a truncated at zero model generating the conditional distribution of the positives. In such a framework, generally, the two processes are assumed independent or, equivalently, the binary process (describing the hurdle) is considered exogenous. The independence assumption allows to factorize the loglikelihood as the sum of two log-likelihood functions (one for each process) and, therefore, the computational burden is dramatically simplified since parameter estimates can be obtained maximizing the two terms separately. This assumption may be too restrictive when dealing with real data (see e.g. Deb et al., 2006; Auteri and Maruotti, 2011) and a model structure allowing for dependence between the processes can be required. If the exogeneity assumption is invalid, parameter estimates from standard hurdle models could be inconsistent. Thus, we define a mixed effects hurdle model (Alfò and Maruotti, 2010) , relying on a simple association structure, described through the inclusion of random terms in the model specification, which allows for the endogeneity of the hurdle. In order to include some sort of serial dependence, we integrate the mixed effects hurdle model by considering the effect of baseline outcomes on subsequent responses, with special focus on short longitudinal datasets. Nevertheless, the baseline itself is subject to the influence of same covariates as the response variable; it is thus not exogenous and is not independent of the random effects in the model. This is usually known in the literature as endogeneity bias, i.e. the statistical bias that arises when an endogenous variable is treated as exogenous (see e.g. Davidson and Mackinnon, 1993) .
The issue of endogeneity has long been recognized in econometrics literature, where several techniques for dealing with it exist (see e.g. Alfò et al., 2011) . in a count data framework). We leave the random effects distribution unspecified and show how parameter estimation can be performed in a finite mixture context.
The plan of the paper is as follows. We provide model details in Section 2: the naive and the joint approaches are described as well as the mixed-effects hurdle model and its computational details. A simulation study is conducted in Section 3 in order to understand the model behavior under different sample sizes, panel lengths and random effects distributions.
An example on health service utilization is provided in Section 4. A discussion on further developments and drawbacks of the proposed approach concludes.
Modeling approach
In this section we discuss the general mixed effects hurdle model specification. The naive and the joint approaches are presented and, thus, a model taking into account the data features and the endogeneity of the baseline is developed. Computational details are provided to obtain maximum likelihood estimates by using an EM-based algorithm.
Model specification
Consider a count data process Y it recorded on each of n units (i = 1, . . . , n) over T time periods (t = 1, . . . , T ) and two sets of covariates x it1 and x it2 that may or may not be the same. The mixed effects hurdle model postulates a hierarchical structure: first a decision process leading to the choice y it = 0 versus y it > 0, and then a process accounting for y it > 0.
The probability function of the observed variable is then given by
, y it > 0 where π it = Pr(y it = 0) and λ it represent the canonical parameters for the binary and the count processes, respectively. A generalized linear mixed model is then used to focus on π it and λ it : a logistic model for π it and a log-linear model for λ it
where β and γ are vectors of regression parameters associated with x it1 and x it2 , respectively;
) denotes a set of unit-and process-specific random effects drawn from a bivariate distribution, h(·).
We aim at extending this approach to include dependence on baseline counts, allowing for a quite general association structure. A common and straightforward strategy of accounting for the baseline, say y i0 , in the model specification is to include it in the linear predictors.
In this case, equations (1) and (2) can be rewritten as
where ϕ 1 and ϕ 2 are vectors of regression parameters associated with interactions between baseline counts and other covariates. Not all these interactions will be taken into account;
therefore, some elements of ϕ 1 and ϕ 2 can be set equal to zero.
Given the model assumptions, we can write down the conditional distribution of the observed responses for the i-th unit as
The naive approach
The naive approach simply assumes independence between the baseline and the random terms. Therefore, we can integrate function (5) 
The independence assumption, i.e. assuming the baseline exogenous while it is in fact endogenous, can be too restrictive, even if it reduces the computational burden. A confounding effect may arise: we cannot distinguish between the influence of the baseline on the following counts and the dependence between this term and the random effects. This may lead to misleading inference and to a miss-interpretation of the baseline-related coefficients.
The joint approach
The joint distribution of (y i0 , y i1 , . . . , y iT ) is not determined from the generalized linear mixed model assumptions about the conditional model, since the marginal distribution of y i0 is not specified. The joint approach involves the specification of an equation for the baseline and maximum likelihood estimates are obtained using the full set of sample observations, allowing correlation between the initial and the follow-up periods equations. Hence, the joint approach starts from the joint density of (y i0 , y i1 , . . . , y iT )
where
) and x i0 is a set of covariates which can be included in the linear predictor for y i0 .
In other words, we assume that the baseline counts are conditionally Poisson distributed random variables with canonical parameter, λ i0 , modeled as
where ψ is a vector of regression parameters and b i0 is an individual-specific random effect.
Computational details
To evaluate the integrals in (6) and in (7), which can be analytically solved only in few estimation of the mixing distribution (Laird, 1978) . The NPML estimation of a mixing distribution is a discrete distribution on a finite number of mass-points, say K. We focus on the joint approach, since the naive can be viewed as as special case. Under this assumption, the L i (·) function for the joint approach is given by
where the mass-points 
and
As can be easily noticed, the likelihood function (10) is the likelihood of a finite mixture with an unknown number of components, K, which should be estimated together with other model parameters. To obtain parameter estimates we make standard assumptions:
• K is fixed and unknown;
• y i0 and y it are conditionally independent random variables
• there is an unobserved multivariate random variable B i following a discrete distribution with K support points with associated mass points p k , where
For fixed K we can use the following EM algorithm to obtain the maximum likelihood estimation for model parameters. We introduce an unobservable vector of component indicator
Adopting a multinomial distribution for the unobservable vector z i , we can derive the complete data log-likelihood
Within the E-step of the algorithm, the presence of the missing data indicator in the complete data log-likelihood is handled by taking the conditional expectation of (14) given the observations and the current parameter estimates, say θ = {δ, p} = {β, γ, α, γ 0 , b, p}.
In other words, at iteration r, we replace z ik with its conditional expectation, say w ik
where w
ik is the posterior probability that unit i belongs to component k. The conditional expectation of (14) is thus given by
Conditionally on updated weights, we maximize Q(·) with respect to θ to obtain maximum likelihood parameter estimates
Solving the first equation we obtainp
n which represents a well-known result in the finite mixture context. Given w
ik , the score equations in (17) are weighted sums of likelihood equations for three independent generalized linear models: the baseline model, the binary model and the one for the positive counts.
However, as a consequence of truncation, the sample should be augmented to consistently estimate the parameter vector for the truncated data model (details are provided in Böhning and Schön, 2005).
The E-and M-steps are repeatedly alternated until the log-likelihood difference between two iterations decreases by an arbitrary small amount.
Simulation study
The aim of the study is to investigate if ignoring endogeneity of the baseline variable could lead to biased estimates for the corresponding effect as well as for the effects of those covariates which are correlated with the baseline variable. In each simulation, 250 samples from the proposed model with T = 3, 5, 7 (panel length), n = 100, 250, 500 (sample size) and K = 2, 3 (number of latent classes) have been generated. Only balanced designs are considered, but the extension to unbalanced designs is straightforward. We fit the models introduced in Sections 2.2 and 2.3. Parameter estimates are obtained via maximum likelihood as described in Section 2.4 using Matlab programming. All the estimates are averaged over the number of simulations.
The samples have been generated according to the following true generating process
The covariates are independently generated from a standard Normal distribution for i = 1, . . . , n and t = 1, . . . , T . The true values of the regression parameters are chosen as
we also define
According to the value of K, the parameters for the latent process are chosen as follows: 
The simulation results in terms of MSE of the ML estimator of each parameter of interest (we provide only estimates of covariate coefficients and prior probabilities, p, for sake of brevity) are shown in Table 1 -3 (when K = 2) and Table 4 -6 (when K = 3), together with the average and the interquartile range of the standard errors computed for every sample.
We can observe that, with both K = 2 and K = 3, the MSE of each estimator is always moderate and decreases as n and T increase. Moreover, its standard deviation decreases at the expected rate of √ n with respect to n and at a faster rate with respect to T . Finally, for each estimator, the average standard error is always close to the standard deviation, these standard errors also have a very low variability from sample to sample.
As can be seen, in the naive approach, the baseline estimated effects are permanently biased in the binary equation. The variance of the parameter estimates reduces with increasing sample size (n), but the bias does not, at least not substantially. Other model parameters are consistently estimated, as the adopted covariates are independent on the mechanism generating the baseline variable. However, this setting is likely unrealistic, and the behavior of the exogenous model should be better investigated to understand the effect of ignoring endogeneity of the baseline variable when some of the adopted covariates are dependent on the baseline mechanism, as in the joint approach. In fact, taking into account the endogeneity, we find evidence indicating that the baseline estimates are more efficient than ones obtained in the naive one.
To verify the effect of model misspecification, we consider a further setting in which the individual-and outcome-specific random effects follow a multivariate continuous distribution.
The simulation settings were formulated as previously discussed with the only difference that b i s are independently generated from a multivariate Gaussian random variable with mean
Two settings are considered with respect to Σ to account for different associations among outcomes. Thus, for the correlations coefficients, the following vectors are assumed: Table 1 -6, even if in this case, the mean square error is often greater, reflecting the greater heterogeneity present under this simulation scheme. On average, a larger sample size is necessary to obtain reliable parameter estimates, which, in the case n = 100, show huge variability. Table   7 shows a clear and consistent path with respect to model parameters as the sample size increases, irrespective of the values of the correlations. This implies that the proposed model can be used even when the association between outcomes is weak or some doubts about the endogeneity of the baseline variable might arise; indirectly confirming the robustness of the proposed method.
An example: Outpatient psychiatric service use data
In this section we provide an application of the naive and the joint approaches using a dataset on outpatient psychiatric service use. Data are from the Access to Community Care of Ef- we specify the following equations:
and, when the joint approach is considered,
where π it , λ it and λ i0 are defined in the Section 2.
Looking at parameter estimates, provided in Table 9 , and considering a significance level of 5%, the 12-month follow-up indicator variable has a strong influence on the decision to use a health service, showing the presence of a trend effect which tends to reduce the probability of looking for a health service. The gender seems to affect the utilization process: males tend to use health services less frequently than females. We also get a quite interesting result: the treatment does not affect the utilization process, but only the decision one (posing, however, some questions on program effectiveness). Finally, the baseline mainly depends on the race: whites are more subject to health service usage than minorities (blacks/latinos). The presence of heterogeneity between individuals leads to a number of different utilization experiences captured by the latent structure. In fact, as a by-product of the adopted estimation procedure, we identify a different number of homogeneous clusters among subjects. It is interesting to notice that in the naive approach we estimate 3 groups, while by using a joint approach we obtain 9 groups. Formally, for the random effects in the groups subjects who have a low propensity to use service but, once they decide to use any service they use it more than the average; the second group can be interpreted in an opposite way; while the third group can be defined as the usage group.
Similarly, in the joint approach, we have a nine-points trivariate distribution given by b = groups identify behaviors close to those described by the naive approach. The main difference relies on the fact the groups are identified accounting for baseline random effects too, which strongly modified the random effects distribution, changing not only the location of the random terms but its entire distribution. As already remarked in the theoretical part of this work (see Section 2.2), the naive approach does not allow to distinguish between the impact that baseline may have on the observed follow-ups and on the random effects distribution. Therefore, the independence assumption between random effects and baseline may not be suitable. As a further confirmation of this statement, we obtain a relatively high negative correlation between the baseline and the binary process (ρ b k0 ,b k1 = −0.4491) which confirms that the need of specifying an association structure accounting, somehow, for correlations among variables. Similarly a positive correlation has been estimated between the random terms in the two parts of the hurdle model (ρ b k1 ,b k2 = 0.1012) indicating that subjects having a lower propensity toward the use of any service tend to use services more days than the average once they decide to use them.
Discussion
In this paper we discuss a mixed-effects hurdle model for zero-inflated longitudinal counts, where a baseline variable, potentially endogenous, is included in the linear predictors for the two parts describing the hurdle model. To solve the endogeneity problem, we proceed by defining a secondary model for the baseline variable, linked to the hurdle model through a common latent structure. We propose to use a finite mixture representation for the regression model, estimating the unknown (multivariate) random effect distribution through a discrete (multivariate) distribution. By assuming that the latent process is discrete, we avoid any parametric assumptions with the advantage of permitting exact computation of the likelihood of the model without requiring quadrature or Monte Carlo methods. On the other hand, some simulation results show that the maximum likelihood estimator of the parameters has an acceptable bias even when data are generated by a continuous latent process. However, it should be stressed that the idea one has about the nature of the latent structure may be quite different from one case to another. In some cases, the probabilistic structure of the finite mixture is used only as a tool for modeling unobserved heterogeneity.
Introducing the problem of initial conditions we applied the simulation approach and showed inefficiency of the naive approach which ignores the baseline issue. Using the joint approach, the baseline is model in a generalized linear mixed model framework and consistent parameter estimates are obtained. Our overall conclusion from the performed simulation study is that modeling the baseline as an endogenous variable, we improve the performance of the model, producing more accurate estimates than the analogous based on the naive approach. The application of both approaches to real data enlightens that the baseline may influence the latent structure as well, and a different association structure between longitudinal measurements on the same individual can be specified by including in the latent structure a model which accounts explicitly for the baseline (e.g. via a logit specification of the prior probabilities).
A possible drawback in correlations estimate may arise when correlation is high, i.e.
correlation tends towards the bounds of the interval [-1;1]. In fact, when a discrete mixing distribution is adopted, the correlation coefficient is estimated on a small number (K) of points, and, when correlation is high, this can lead to a set of almost aligned K points.
Nevertheless, it should be noticed that the correlation coefficient is not a formal parameter in the proposed model, but it is rather a by-product of the adopted estimation approach. Table 6 : Simulation results for n = 500 and K = 3 n = 100 T =7 
